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Abstract 

We describe a systematic way of the generalization, to models with non-linear duality, 
of the space-time covariant and duality-invariant formulation of duality-symmetric the- 
ories in which the covariance of the action is ensured by the presence of a single auxiliary 
scalar field. It is shown that the duality-symmetric action should be invariant under the 
two local symmetries characteristic of this approach, which impose constraints on the form 
of the action similar to those of Gaillard and Zumino and in the non-covariant formalism. 
We show that the (twisted) self-duality condition obtained from this action upon inte- 
grating its equations of motion can always be recast in a manifestly covariant form which 
is independent of the auxiliary scalar and thus corresponds to the conventional on-shell 
duality-symmetric covariant description of the same model. Supersymmetrization of this 
construction is briefly discussed. 



1 Introduction 



Duality invariance is an important symmetry that arises in many models of physical interest. 
A classical example is electrodynamics without sources in D = 4 dimensions where the U(l) 
duality group mixes the field strength of the electric field with its Hodge dual identified with 
the field strength of the (locally defined) magnetic field. Another well known example is the 
SL(2, R) duality symmetry of D = 10 IIB supergravity. 

Duality symmetries have been observed and the corresponding duality groups have been 
completely classified in D = 1, 2, 9 supergravity models obtained by toroidal compactifica- 
tions of D = 11 supergravity. An important case is the toroidal compactification of D = 11 
supergravity on seven tori that leads to the celebrated D=4, N=8 supergravity with £7(7) 
duality group [DEI [3]. 

Astonishingly, explicit calculations [H El El El M nave proven that N = 8, D = 4 
supergravity is finite at the perturbative level up to three and even four loops. These wonderful 
results have revived a great interest to this theory in regards to an old question of its finiteness 
[TUl [TT1 [T2"l [T3"l [TJ]. Since supersymmetry alone is not sufficient to explains these results, it 
has been natural to assume that the £7(7) duality symmetry controls remarkable cancelations 
of divergent contributions to the supergravity amplitudes and, perhaps, ensures the possible 
finiteness of the theory [151116], At the perturbative level, this symmetry is a global continuous 
symmetry, though it is broken to a discrete subgroup E?r?\(Z) by non-perturbative stringy 
effects. 

An explanation of the three-loop finiteness has been suggested in [171 ttH] by showing that 
the only possible supersymmetric candidate for the counterterm at three loops violates £7(7) . 
The same argument holds for the candidate counterterms at five and six loops [El [20] 0. 

The arguments in [TH1 EU] , as well as in [2H [251 E31 121] suggest that the first divergent 
£7(7) invariant counterterm can appear at seven loops. 

Such a state of affairs leads one to assume that if N = 8, D = 4 supergravity is perturba- 
tively finite, the reason should be found beyond supersymmetry and £7(7) duality. However, 
in our opinion, before accepting this conclusion once and for all, more study on the compat- 
ibility of maximal supersymmetry with £7(7) duality is needed. In other words, one should 
demonstrate whether the counterterms which may appear at higher loops are consistent from 
this point of view. Analogous issue has recently shown up in N = 4, D = 4 supergravity whose 
four-point amplitudes have been found to be free of divergencies at three loops [25 , 26J in spite 
of the fact that supersymmetry admits at this order duality-invariant quantum counterterms 

If the classical N = 4 and N = 8 supergravity do not allow for quantum deformations 
consistent with supersymmetry and duality invariance, then, as argued in [151 El EI]) this 
may be the reason of finiteness of these theories (at least at the corresponding loops). 

In practice, one should understand i) how the possible counterterms (and their descen- 
dants) deform original linear duality relation between "electric" and "magnetic" field strengths 
and ii) check whether this deformation is compatible with supersymmetry. The first prob- 
lem has been addressed in [28] and further developed in [291 130]. where simpler examples of 
duality-invariant gauge theories with higher-order (Born-Infeld-like) and higher-derivative 
terms have been studied (see also [31] for a related recent analysis at the quantum level). 
The second (supersymmetry) problem has been recently considered in [291 [32] in the case 

1 At four loops there seem to be no supersymmetric counterterms. 
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of non-linear generalizations of iV = 1,2 D = 4 super symmetric Abelian gauge theories 
with [7(1) as the duality group, following earlier results of|33l3SI3ai33l32l39l3aiIQim] 
based on the superfield formalism. To these results one should add the known examples of 
component non-linear duality-symmetric (Born-Infeld-type) Abelian gauge theories with 16 
supersymmetries, namely, the N = 4, D = 4 supersymmetric Abelian Born-Infeld theory 
on the worldvolume of the 7J3-brane [32] and the 6d worldvolume theory of the M5-brane 

031 SH H3 ffil HZ]. 

When studying duality invariance of a theory one faces a well known problem that this 
symmetry usually directly manifests itself only on the mass shell, while the conventional 
Lagrangians are not invariant under the duality transformations. The reason is that only 
"electric" fields enter the Lagrangian, while their "magnetic" duals do not. Instead, in order to 
guaranty the duality invariance of the field equations, the duality variation of the Lagrangian 
should satisfy a consistency requirement, the Gaillard-Zumino condition [48]. This approach 
has been used in [28] and [29| [30] . 

To lift the duality invariance to the level of the action, the "electric" and "magnetic" 
fields should enter the Lagrangian on an equal footing, while the duality relation between 
them should arise on the mass shell as a consequence of equations of motion that follow from 
the Lagrangian. The latter guarantees that the number of the physical degrees of freedom 
remains intact. One way to do this is to renounce the manifest space-time covariance of the 
action in favor of duality symmetry [491 1501 151 ] 152]. Note, however, that in such a formulation 
space-time (diffeomorphism or Lorentz) invariance is still present but is realized in a non- 
conventional way. Using this non-covariant formulation, Hillmann [53] has obtained the 
duality invariant action of N = 8, D = 4 supergravity, and Bossard, Hillmann and Nicolai 
|54] have proved that the £7(7) symmetry is anomaly free in the perturbatively quantized 
theory. In [28] it has been suggested how one can reconstruct a non-linear duality-invariant 
action starting from a duality-invariant counterterm. 

There is, however, a possibility of keeping manifest both, the duality and space-time 
symmetries in the action. This requires the introduction of auxiliary fields into the Lagrangian 
(see [55] for a brief recent overview of different covariant formulations). The most economic 
way (dubbed the PST approach) is to introduce a single auxiliary scalar field [56]. In this 
formulation, in addition to the conventional gauge symmetry, the action is invariant under 
two extra local symmetries. One of them can be used to gauge away the auxiliary scalar and 
reduce the action to a non-manifestly Lorentz invariant form of the non-covariant approach. 
Another symmetry implies that some of the components of the gauge fields enter the action 
only under a total derivative and ensures the appearance of the duality relation as the general 
solution of the gauge field equations of motion. 

The covariant PST approach unifies different non-covariant formulations [57\ 158] and 
has proven to be extremely useful, in particular, for the construction of the action of the 
M5-brane in D=ll supergravity [UJ, which is an example of a non-linear self-dual (2,0) 6d 
gauge theory with 16 supersymmetries. So we hope that it may also be useful for making 
a further progress in pursuing the issue of the £7(7) and supersymmetry invariance of the 
N = 8, D = 4 supergravity effective action and the corresponding issue in less supersymmetric 
supergravities. 

The problem is to explicitly identify the possible divergent counterterms in N = 8, D = 4 
supergravity and to show how to write a consistent non-linear supersymmetric effective action, 
if any, that arises from a given counterterm and respects £7(7) duality symmetry. 

As a preliminary study, the purpose of this paper is to solve the problem considered 
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in [28] in the framework of the covariant approach, namely, to have a general recipe for 
constructing space-time covariant actions with manifest duality symmetry at the non-linear 
level. Such a construction will include in the general framework the non-linear action for the 
M5-brane [444 |4"5] and the corresponding on-shell covariant description of the M5-brane in 
the superembedding approach [431 146] . as wen as the manifestly duality-symmetric Lagrangian 
formulation of the Born-Infeld action for the D3-brane \59\ 160] . In this setting we will 
also clarify how the (twisted) self-duality condition obtained from the manifestly duality- 
symmetric action upon integrating its equations of motion can always be recast in a manifestly 
covariant form which is independent of the auxiliary scalar and thus corresponds to the 
conventional on-shell duality-symmetric covariant description of the same model. 

This should set a stage for further analysis of the compatibility of supersymmetry with 
various possible non-linear deformations of a given duality symmetric theory, in particular, 
in the cases of extended super symmetries and supergravities for which superfield methods 
are not applicable off the mass shell and/or have not yet been developed enough to include 
higher order corrections even on the mass shell. 

The paper is organized as follows. In Section 2, to introduce our notation, we review the 
covariant approach to theories with a linear self-duality condition. In Section 3 we extend the 
approach to non-linear systems. This is done by starting with a non-linear action which is 
invariant, by construction, under a local symmetry mentioned above, i.e. in such a way that 
some components of the gauge fields enter the action under a total derivative only. The action 
is constructed as a series of local field functionals I^ k \ k = 0, 1, where J® is the term 
in the action which is quadratic in the field strengths. Then one imposes the condition that 
the action is invariant also under the local symmetry which ensures the auxiliary nature of 
the PST scalar a(x). This imposes a constraint on the local functional I = ^ 1^ that, given 
i^ 1 ) , allows one to apply an iterative procedure to determine I^ k K In Section 4 we derive 
the relation between the twisted self-duality condition obtained from the action in terms 
of the functionals I^ k \ that contain the auxiliary scalar a(x), and a manifestly-covariant 
non-linear twisted self-duality condition which only involves the gauge field strengths (and 
derivatives thereof) and no auxiliary scalar. Section 5 contains our conclusions and includes 
a non exhaustive discussion of the compatibility between supersymmetry and duality. 

2 PST formulation of a linear duality— symmetric theory in D = 4 

Consider a system of N Abelian vector fields in D = 4 described by the 1-forms A r (x) 
(r = 1,...,N) with the field strengths F r = dA r . Call A r their magnetic duals with field 
strengths F r = dA r := — • ||^, where S is an action constructed of the "electric" field 
strengths F r and • is the Hodge mapH. For instance in the case of the Maxwell action 

2 We have denoted the Hodge map by • instead of the conventional *, since we shall use the latter for 
denoting the twisted-duality conjugation. In our conventions, a p-form in D dimensions is defined, in the 
vielbein basis, as 

<t>(.v) = —f ai -e ap (t>a p ...a 1 

and its Hodge dual is 

*^ (p) = (D-p)\ e p £*d- p -*i P <t>b r ...b x , 

so that, in D=4 space-time with Minkowski signature, •• = —1 . The external differential d acts on the 
differential forms from the left 
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S = - J d A x\F^F^ v we have 



Fju, ~ \*F )fj,i> — ^nvpo-F p i Ffa> ~ (*F )tw — ^[LvpcjF p ■ (1) 



Now let us define A 1 = {A r ,A f ) and F i = {F r ,F f ) , (i = 1, 2N). The duality group 

G C Sp(2N, R) acts linearly on A 1 ( and F l ). The vector fields A r can be coupled to gravity 
(or supergravity) and to a set of scalars, <j>, and fermions, if). 

In the presence of scalars and fermions the definition of the field strengths F l can be 
generalized as follows 

F i = dA l + & (2) 

where C[4>, ip} 1 are two-forms. In supersymmetric theories such a redefinition is useful since 
it allows one to make the field strengths transform covariantly under super symmetry. 

The scalars parametrize the coset G/H, where H is the maximal compact subgroup of 
G, and the fermions belong to some representation of H. The scalars (f) are described by 
the "bridges" V(cf>)1 where the index q spans a representation of H whose (real) dimension 
is equal to that of G labeled by i. One can define Vi q := (Vf )* and its inverse V ip such that 
Vi q V tp = Sq. Then the scalars allow to define an invertible metric in G given by 

Gij = VfV jq + c.c. (3) 

Since G is a subgroup of Sp(2N,R) one can define a matrix Q tJ = — Q- 7 * with the only non 
vanishing elements given by Q. rr = — tt rr = 5 rr and in a similar way one can define flij so 
that Q. %:) Vljk = —5 z k . Q lJ and Qij can be used to rise and lower the indices i , j ... Then one 
can define the complex structure 



j] = G l «n kj = n lk G kj (4) 



such that J\J j = —Sj and finally one defines the "star operation" as 

* = Jj. 

so that 

** = 1. 

With the use of the "star operation" the duality relations between the electric and mag- 
netic fields, eq. (H|), take the form of the linear twisted self-duality condition on the field 
strength of A i = (A r ,A f ). 

F l = (*F)\ (5) 

Note that, acting on ([5]) with the differential d one gets the field equations of the vector fields. 
In addition, the constraint ([5]) implies that only half of the fields A 1 , e.g. A r , are independent, 
which ensures the correct number of the degrees of freedom of the theory. 

Since A 1 transform linearly under the duality symmetry G the duality constraint ([5]) 
and, hence, the equations of motion are duality invariant. However, the conventional action 
constructed with a half number of the fields A 1 is not duality invariant. Instead, the dual- 
ity symmetry manifests itself through the Gaillard-Zumino condition [35] which should be 
satisfied by the duality variation of the action. 
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For studying properties of the duality-symmetric theory it is useful to have an action that 
yields JSf as a (consequence of) field equations. However, since eq. §5§ is of the first order 
in derivatives, while usually the bosonic field equations are of the second order, constructing 
the duality-symmetric action turns out to be not a straightforward procedure. 

One possibility is to renounce the requirement of manifest Lorentz invariance by splitting 
the D = 4 Lorentz-vector indices of the fields A % . There are several ways of splitting the 
components of the D = 4 vector, namely 4 = (4 — n) + n (where n = 1, 2, 3). Each splitting 
results in a different non-covariant duality-symmetric action that produces eq. ([5]) (see 
|6H 155 } l62 | 163] for more details). In the original construction of [50], which is closely related 
to the Hamiltonian description of the theory, the time-component Aq of the vectors A l „ 
(/i = (0, m)) gets separated from their spacial components and does not appear in the action. 
Though this breaks the manifest Lorentz invariance, the action does invariant under a modified 
space-time symmetry which reduces to the conventional Lorentz symmetry on the mass shell 

[SHE21E6]. 

A manifestly Lorentz-covariant formulation of the duality-symmetric action that yields 
([5]) as a field equation can be constructed following the approach proposed in [641 156] . In this 
approach, in addition to the physical fields A 1 , the action contains an auxiliary scalar field 
a(x). It enters the action through the one-form v(x) H 

^ (6) 



so that = 1 and 



vi v +i v v = l, (7) 
where i v is the contraction with the vector v^du acting from the left, i.e. 

iv<t>(v) = ^ (^e b e ai ...e a "- 1 4>a p . l ...a 1 b) = , 1 ^ e a K..e a "- 1 (/> ap _ 1 ... aib v b (8) 



v<P(p) = *» \^e"e^...e^''<p ap _ 1 ... aib I = _ e"*...e"»'- 1 a| ,_ 1 ... aifc t; 

Acting on any p-form Xi\ that transforms as a vector of the group G, one has the identitie^l 

i v * = *v, v* = *i v (9) 

so that 

vi v * = *i v v, i v v* = *vi v (10) 

Using these identities one can decompose F % as follows 

F i = (vi v + i v v)F i = vi v F l + *vi v * F* = vi v (F - *F)* + (1 + *)(vi v * Ff (11) 

In what follows we shall also use the following formulas for the variations 8v and 5i v (acting 
on a p-form) with respect to 5a: 

6v = /o 1 a,, ivvidSa) (12) 
3 The signature of our metric is (1, -1, -1, -1) 

4 For notational simplicity, sometimes in expressions like (*X) 1 we shall drop the parentheses and write *X' . 
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The covariant action Sq can be written in various equivalent ways, e.g. 

S = I [ Qi^F* * F j - (m„(F* - *F 4 )) * (vi v (F j - *F j ))], (14) 



where for simplicity we have considered, for the moment, the case with C l = 0, see eq. ([2]). 
The general case will be considered later. 

Using ([TT]) . as well as the identities ([9|) and (flQ|) . equation (fT4"|) can be rewritten as 

Sq = \J ^ij [vi v F l * (vi v * F') - (vi v * F l ) * (vi v * F>)] (15) 



or 



S = \Jn ij [vi v (F i -*F i )F3}. (16) 

Eq. (|15p can also be rewritten as 

s o = ~\J d 4 x^G i3 [(i v FY(i v * Fi)„ - (i v * FY(i v * F%], (17) 

where g^, v {x) is the metric of the AD space-time which for generality we consider to be curved. 

An important property of the action So is that the i v A l component of the gauge field enters 
this action only under the total derivative. Indeed, i v A l enters only the term J ^^{vivF^F 3 
of (fTB]) and the corresponding contribution is the total derivative, which is assumed to vanish 
at infinity 

n ijV i v (d(vi v A l )F j ) = - [ n ij dad(^^=i v A i )F j = - [ d (n^vi^F^) = 0. 

J yf (da) 2 J 

The independence of Sq from i v A % is analogous to the absence of the components A l in the 
action of the non-covariant formulation. It implies that the action is invariant under the 
following local transformations of the gauge fields 

SjA* = da&, 5 ia = 0, (18) 

where $ l (x) are scalar gauge parameters. 

Another symmetry of the action ensures that the field a(x) is a pure gauge. It acts only 
on a(x) and the duality symmetric gauge fields and leaves invariant other fields of the theory 
(scalars, fermions, metric etc.) 

5 n a = <p(x), b u A l = 7^=iv(F l - *F i )ip(x), (19) 

where (f(x) is a local gauge parameter. It is important to note that the 5n variation of A % is 
proportional to the self-duality constraint, which as we shall see is a consequence of the field 
equation (|20|) . so that it vanishes on shell. The consequence of this fact is that on the mass 
shell the theory becomes manifestly Lorentz covariant without any need of the auxiliary field. 
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The field equations of A 1 are 



d[vi v (F { - *F i )] = (20) 
and the equation of motion of a(x) is 

d[n ij ^=^vi v (F i - *F*)i v (Fi - *F*)] = 0. (21) 

It can be obtained using the equations (fT2"j) and (fTTJj) . 

One can check that eq. (f2T|) is identically satisfied if eq. ([20]) holds. This reflects the fact 
that a(x) is the auxiliary field. The general solution of (|20|) is 

vi v (F i -*F i ) = d(daX 1 )) = -dadX 1 (22) 

where X l (x) are arbitrary functions H. On the other hand, under (finite!) transformations of 
the symmetry (fl8|) . 

8 1 [vi v (F i - *F*)] = -dad& (23) 

so that a transformation with the parameter <3? 4 = —X 1 allows us to eliminate X 1 from the 
right hand side of ([22]) and get 

vi v {F i -*F i ) = Q. (24) 
Moreover, since (1 — *)F l is anti-self dual, this equation also implies 

i v v(F i - *F*) = 0. (25) 

In view of ((7J) , the equations ([24"|) and ([25]) are equivalent to the twisted self-duality constraint 
©• 

We have thus shown that the twisted self-duality relation follows from the covariant action 
as the solution of its equations of motion. Using the local symmetry (|19p we can gauge fix 
the auxiliary field a(x) to be 

ft 

a{x) = n^, v„ = -jJL= (26) 

where is a constant vectoiH. Depending on whether this vector is time—like or space- 
like, one reduces the PST action to different non-covariant formulations. For instance, when 
= 5^, one recovers the non-covariant formulation of [5U |, I5 H [o"2]. The non-conventional 
off-shell space-time invariance of the latter is explained by the necessity to keep intact the 
gauge condition (|26|) under the Lorentz transformations, which is achieved by adding to the 
Lorentz variation of the gauge field SlA^ the compensating gauge transformation (fl~9j) 

8A = 6 L A + - F L=i n (F i -*F i )n li lJ t v a? (27) 



5 Strictly speaking this is true only locally. In topologically non-trivial backgrounds vi v (F l — *F 1 ) may be 
closed but not exact one-form. 



6 Note that, though the gauge a(x) = is not directly admissible, since the action (j 14f) contains \J (da) 2 in 
the denominator, on can nevertheless reach this gauge by handle a singularity in the action in such a way that 
the ratio d ll ad v a/ d p ad p a remains finite. This can be achieved by first imposing the gauge fixing condition 
a(x) = e a; M n M and then sending the parameter e to zero. 
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where L^ v are the infinitesimal parameters of the Lorentz transformation. Note that on the 
mass shell, i.e. when the twisted self-duality condition (j'24|) is satisfied, the variation (|27|) 
becomes the conventional Lorentz transformation of the gauge field. 

Up to now we have considered only the case where G 1 = in The general case can be 
easily recovered by adding in the r.h.s. of (|14p ( and (|15p . and (|16p ) the Wess-Zumino term 



3 PST action with non— linear duality in D = 4 

In the previous Section we considered the case in which the magnetic field strengths F r are 
related to the electric ones F r by the linear Hodge duality, or equivalently the field strengths 
F l = (F r ,F r ) satisfy the linear self-duality constraint ([5]). This is the case in which the 
conventional action So[-F r ] is quadratic in F r . If in addition to So an action S = So + S 
contains terms S of higher order in F r and/or derivatives of F r , the relation between F f and 
F r , i.e. 

- - SS 
^ r 5{F r Y u 

becomes non-linear in F r and/or contains derivatives of F r . In this case the linear self- 
duality constraint © is replaced by a non-linear (deformed) twisted self-duality condition 
that in general can be expressed as follows 

v 5F ' v 5F ; ' y 5F ' 2 5(F3)"» v 1 

where W [F] is a local functional of F l and their derivatives (as well as of other fields) which is 
invariant under the transformations of the duality group G and A is a parameter of dimension 
Z 2 which plays the role of a coupling constant characterizing a non-linear deformation of the 
Maxwell-like theory for which A = 0. The functional Wfi* 1 ] is, in general, a series in A and F 

m 

oo 

W[F\ = Y J ^ k W {k) [F\ (29) 
o 

The order k of A is associated with the dimension of terms in in such a way that XW 

has the dimension Duality-invariant counterterms of a quantum theory are examples of 
sources of the non-linearly deformed self-duality condition. Simple counterterm deformations, 
considered in [28J are 

W[F] ~ C 2 {8F) 2 , W[F]~(F) 4 , 

where C is the Ad Weyl tensor. 

In this Section we would like to extend the PST approach to the generic non-linear case. 
As we have seen in the previous Section, the self-duality condition which is derived from the 
PST action contains the auxiliary field a(x), see eq. (|24p . We have than shown that this 
relation is equivalent to the conventional covariant twisted self-duality condition (j^J) which 
does not contain a{x). In the non-linear case we shall encounter and solve a similar problem, 
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namely in the next Section we will demonstrate how the covariant non-linear twisted self- 
duality condition (|28|) is related to the one which we will now derive from the non-linear PST 
action_|. 

In the linear case one of the possible forms of the PST action was given in eq. (|15|) ( or 
([T7|) ). Let us rewrite it as follows 



where 



C {0) = \G lJ (i v *Fy(i v *Fi)^ 



(30) 



(31) 



As was shown in the previous Section, the action (|30p is invariant under the two local 
symmetries (|18p and (|19p . This suggests to consider in the non-linear case the action 



(32) 



where now 



(33) 



are local functions of i v {*F) % (and, possibly, of their derivatives and of the other fields 
of the theory), is defined in (|3ip . We shall also denote 



I« = / d A x£W 



and 



Since C depends on *F l only through their contraction with v, i.e. i v *F l , by construction 
the action (|32p is invariant under the symmetry (|18p . We should also find the conditions under 
which this action is invariant under a non-linear generalization of the symmetry (|19|) . To find 
the form of this symmetry let us look at the equations of motion of the vector fields A l (x) 
and the auxiliary field a(x). The vector field equations are 



d 



%Ff 



51 



"6(i v *F) 



d 



v [ (i v (l - *)FY - X( 



61 



6(i v *F)' 



0, 



where 



xi = i-i^ = \J2x k - 1 i 



(34) 



(35) 



fc=l 



7 An example of the 6d counterpart of the condition (|28|) is the non-linearly self-dual field strength on 
the worldvolume of the M5-brane in the superembedding formulation 1431 146] . In [SS] it was shown that 
the covariant non-linear self-duality condition, which is a consequence of a superembedding constraint, is 
related to a self-duality condition which follows from the M5-brane action 66, 44, 45, 47 . The latter either 
contains the (derivatives of) the auxiliary field a(x), or (upon its gauge fixing) is not manifestly invariant under 
diffeomorphism (or Lorentz) transformations. 
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and L*. are the one-forms 



( ° —y = dafGP 3 - 



<S(i v *F)' 6(i v *F)w 
Since (actually) depend on vi v * F i , one can write ''' 1 



(36) 



Ml) in the form 



8(i v *F)) ~ lv 8(vi v *F)) 



r /5. fc ri^ and present eq. 



ot„(1 - *)F l - \vi v ( 



SI 



5(vi v * F) 



(37) 



SI (k) 



denote the two-forms defined as in (1281). 



where -c — : — pyt 

d(vi v *Fj) 

As in the linear case, eqs. (JMJ or ([3"T]) can be integrated and with the use of the local 
symmetry ()18j) result in the duality-like relations 



^ i v F l 



,)l y) =vi v ( (i-*)f*-a u — l =o. 



'<5(m.u * F) ' 



(38) 



The o(x)-field equation of motion is obtained from the action ([32]) using eqs. (fT2|) and 
([13p and has the form 



d- 



,2 13 



{(i v * F l )(i v * F 3 ) + (i.F^F 3 )) - 2{i v F l ){- 



SI 



S(iv*F)- 



0. (39) 



Notice that when C reduces to C^°\ at A = 0, eqs. ([M]) and ([39]) reduce, respectively, to ([20]) 
and ([2T]) . 

The form of the field equations ([M]) , ([38]) and ([39]) prompts us that the non-linear general- 
ization of the field variations under the second local symmetry (j!9p should take the following 
form 



1 M*- L,/* )'M*) 



(40) 



The variation of the action under (1401) is 



45// S = / Suad 



SI 



((i v * F l )(i v * F') + (i^M*)) - 2(^)(-— - — ) 



(41) 



+ 2 / n y< S> / A < d[v{i v F 3 - (- 



5/ 



)]■ 



For this variation to vanish, the following condition should hold 



« (*„ * F l )(i v * F 3 ) + (i v F l )(i v F 3 ) - 2v(i v F l )(— -) 

o(i v *F) 



SI 



SI 



"S{i v *F)' 



SI 



v ivF* - ( 7 - -J i v F 3 - (— -V =0, (42) 



6(i v *F)- 
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which can be simplified to 



81 



:Y(- 



51 



-5{i v *F) J y 5(i v *F)- 



0. 



(43) 



This equation is the fundamental consistency condition which is necessary for the action 
to be invariant under the local variations (|4^|) . It ensures that a(x) is a pure gauge degree of 
freedom. A similar condition has been found by Bossard and Nicolai [28J in the non-covariant 
approach. The latter is obtained from (|43p upon gauge fixing a(x) = x°. This condition is 
clearly related to the space-time invariance of the duality-symmetric construction and to the 
Gaillard-Zumino condition [48] . 

Eq. (|43p is automatically satisfied at zero's order in A. At first order in A one has 



d 



V(d> 



1 <5I« 
n ijV (i v *F l )(- 



■5(i v *F) 



y 



(44) 



If this condition is satisfied by a certain choice of I® , the consistency condition f|43j) imposes 
the constraint on the possible form of I® at order A 2 



81® 



+ ( 



61® 



)*(- 



SI® 



5{i v *F)' y 5{i v *F) J y 5{i v *F) 



(45) 



on /( 3 ) at order A 3 and so on. Solving these constraints one can reconstruct I = J C order by 
order. 

This iteration procedure, however, does not determine I = J C unambiguously. Indeed, if 
at some order k, there exists an action f( k ' = J that satisfies eq. (|44[) (with i"W replaced 
by/W), writing one can carry on the same procedure for k' > k which will result 

in a consistent action that now depends on the arbitrary constant c&. This arbitrariness 
repeats over and over for any I k that satisfies the condition (|44p. 

Note that the invariance of the action under the gauge transformations (|40p implies con- 
ditions on the form of the higher-order terms. Using the relations (|10|) one can rewrite eq. 
as follows 



vi v (l - *)F i = Xv( 
-i v v(l - *)F l = A * v ( 



51 



6(i v *F) 
81 



8(i v * F) 



(l-*)F i = A(1 



51 



* )v{ 



5{i v * F) 



) i = \(l-*)vi v ( 



51 



8(vi v * F) 



(46) 



Since the left hand side of (|46|) does not depend on v, also its right hand side should be 
^-independent, which imposes restrictions on the possible forms of /. These restrictions are 
controlled by the local symmetry (|40p and, hence, are a consequence of eq. ()43p . Namely, the 



symmetry (jlOj) can be used to gauge fix to be a constant vector as in ([26]) . Then eq. ([43]) 
implies that its right hand side must be Lorentz invariant on the mass shell, i.e. when the 
duality condition ([55]) is satisfied. This should be automatically so, since, as we have explained 
in the case of the linear self-duality, the on-shell Lorentz transformation (|27p of the gauge 
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fields is the conventional one. If such, the right hand side of (|46j) must transform covariantly 
under the Lorentz symmetry and, therefore, can only be constructed of the Lorentz-covariant 
combinations of F l (and their derivatives). 

This observation allows us to relate the higher-order terms in the action (|32|) to those of 
the non-linear twisted self-duality condition ([28]) . Indeed, comparing eq. (j4"6|) with ([28]) we 
see that 

H m JW[F] 51 . M ^5W[F] 

(1 -* )v ^7F) =(1 -* ) ^ i or v W^T) =VIv{1 -* ) ^f A - (47) 

Thus, knowing a higher-order deformation W[.F] of the original duality-symmetric theory, 
e.g. by quantum counterterms, one can obtain the form of the corresponding non-linear 
contributions to the duality-symmetric action and vice versa. 

4 Relation between the two forms of the non linear self— duality condition 

In this Section we shall demonstrate how to relate the self-duality constraint (|28|) and the 
equation (|38|) obtained from the action ([32]) . i.e. between W[F] and I[F]. 

In general, duality-invariant W[F] depends on F % and *F l or, equivalently, on 

Fl= l -{F±*Ff = l -{l±*)F\ 

so that W[F] = W[F + ,F~] and 

SF 2 l ' 5F + 2 { 1 5F„ { 1 

Substituting this equation into (|28|) we see that SW ^+' F -} does not contribute, and the 
self-duality constraint (|28|) becomes 

( i_.)(^_A ( *»^l).)_a (49) 

Modulo different notation and approach, eq. f)49|) corresponds to eq. (4.2) of |29| . 
Comparing (|49p with (|47p we have 

p - , w = (i - ,)*BH = (i - t)i sw l F ^ « 



'5(i„ * F) v y <5F v /v 5F + 
To analyze the relation (|4"T|) . let us introduce the identity (see eq. ([TT]) ) 

F' = vi v (F> -«F-)- Xj^f + (1 + •)(«» . F<) + Hj^yjf- (») 
Then on the mass shell (|46p we have 

*■* = (! + *)K * F*) + \ v (*L—)\ (51) 

<K*ii * F) 
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A SI 

[l + *)vi v * F i + -(i + *) v ( ; 

2 0{l v * t ) 



(52) 



and 



which naturally coincides with (|46p . Equation (|5ip tells us that, when the twisted self-duality 
relation holds, F l is a series in vi v *F l and A. Using this fact, one can carry out the following 
iteration procedure to reconstruct I = X^fcLi X k ~ 1 I^ from a given counterterm W[.F] ()29|) . 
Possible non vanishing terms W^ k \ k > 1, are responsible for the arbitrariness in /, pointed 
out at the end of Section 2. Of course for consistency also these W^ k \ on shell and at A = 0, 
must satisfy the condition 
At the zero order in A 



(1 



,5W[F\. 
*)^Ha=o 



(i-*)/ (0) K^], 



where f( ' is a known 2-form functional of (1 + *)vi v * F\ This allows us, using (|47p . to 

W[F 
5F 



reconstruct the first term of /. Knowing /W we expand sv ^^ to the first order in A 



(1 



6W[F] 
] ~SF~ 



1 



/ 



(0) 



VI,, * 



F]+\f^[vi v *F] + X 



SW^[F] 



5F 



U=o 



(53) 



where 



/ 



(i) 



vi v * 



F] 



6I& 
's(i v *F) 



[list 



5 2 W^ 



5[(1 + *)vi v * FY ui 5F 



A=0 



is a known 2-form functional of vi v * F. Substituting eq. (j53[) into ()47p one reconstructs the 
second term 1^ of /. 

At the quadratic order in A the procedure for reconstructing 1^ becomes much more 
complicated since the expansion of will have terms containing 



WW 



l 5(i v *F) s ' 5(i v * F) 6[(1 + *)vi v * F]5F 



6 2 WW[F] 



A=0> 



SI (2) 5W^[F]. 

jt-. =r and — A=0 . 

o(i v * F) oF 



At the third and higher orders in A the complexity increases even more. 

As a consistency check of the relations between 1^ and W, one should verify that the 
action functional I obtained in this way satisfies the consistency condition (|43p and whether 
this may impose additional restrictions on a possible form of W. Let us recall that, in the 
action (|3"2"j) this condition insures that a[x) is the completely auxiliary (pure gauge) field and 
that on the mass shell the self-duality condition can be brought to a space-time covariant 
form in terms of a duality-invariant functional Wfi* 7 ] which does not depend on a(x). To 
derive the constraint on l/Ffi 7 ] imposed by the consistency condition (|43p note that on the 
mass shell (|38p the latter takes the following form 



d 



1 



n ijV ((i v * F l ){i v * F j ) - ((ivF*)^')) 



O ii ^(l + *)F i )(i„(l-*)^') =0, 



(54) 
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which in turn, in view of ()28[) and (|48p . reduces to 



Xd 



1 




= 



(55) 



Though the statement that given any duality invariant VFfi 7 ] one can always reconstruct 
a corresponding duality-symmetric action looks plausible we have not found the generic proof 
that the constraint (|55j) is satisfied by any choice of the duality invariant W[.F]. We have 
checked the validity of (|55p for known examples of W[F] which do not contain terms with 
derivatives of F. When W[.F] contains derivatives of F, the analysis becomes technically 
much more involved and we leave it for further study. 

5 Conclusion 

In this paper we have described, in a systematic way, how to extend the covariant and duality 
invariant PST approach to models with non-linear duality. It has been shown that the 
duality-symmetric action should be invariant under the two local symmetries (|18p and (|40p 
characteristic of this approach, which require that the action is given by eq. ([32]) where the 
local functional I = J C depends on the fields strengths F l only through vi v * F l and satisfies 
the quadratic constraint (|43p . This constraint is related to the Gaillard-Zumino constraint 
and, after a suitable gauge fixing, coincides with the constraint found in [28], in the framework 
of the non-covariant but duality invariant approach. 

In the models with non-linear duality, gauge fields are constrained by the deformed twisted 
self-duality condition, eq. (|28p . It means that there exists a self-dual two form h % = F % — {^r) 1 
such that h l = *h i , where W[F, ...] is a covariant and duality invariant local functional of F l 
(and the other fields). As a further result, in this paper we have exploited the relation between 
the functional W[F, ...] and the functional I that constitutes the PST action. 

A possible application of the approach developed in this paper is the study of the consistent 
counterterms in super symmetric duality-invariant models and in particular in N = 8, D = 4 
supergravity. This is relevant to the issue of the finiteness of this theory. The question is 
whether N = 8 supersymmetry is preserved upon a certain non-linear deformation of the 
classical theory. The authors of [28] argued, on general grounds similar to those ensuring 
the diffeomorphism invariance and the absence of corresponding anomalies, that there might 
be no obstructions to find a deformed theory which is supersymmetric. To give more direct 
evidence for this argument, one should show that the Gaillard-Zumino or similar conditions, 
like eq. (|43p , restricting the form of the action of the duality-symmetric theory are compatible 
with (deformed) supersymmetry transformations. 

So far the compatibility of supersymmetry with non-linear self-duality has been explicitly 
demonstrated only for N = 1, 2 [33]-[II], [291 E2] and N = 4 g2] (D3-brane) Born-Infeld-like 
deformations of Abelian gauge theories with the duality group U(l), and in the case of the 
M5-brane [441 H5| [67] which is the non-linear (2,0) self-dual 6d gauge theory with 16 super- 
symmetries (i.e. N = 4, from the D = 4 perspective). However, supersymmetric examples 
of non-linear theories (including supergravities) with non-Abelian duality groups of the E7 
type have not been given yet. It should be mentioned that consistent couplings of external 
supersymmetric Born-Infeld-like models to N = 1 and 2 supergravities are known |681 169]: 
however, an important issue which remains is whether non-linear deformations are possible 
for vector fields inside supergravity multiplets, in particular, in N = 4, 8 supergravities. 
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At this point we would like to make a comment that non-linearities in field theories 
and, in particular, in supersymmetric ones are often associated with spontaneous symmetry 
and supersymmetry breaking. For instance, the Born-Infeld structure is a manifestation of 
partial supersymmetry breaking of a rigid extended supersymmetry |34j . In this respect, 
Born-Infeld-like non-linearities in duality-symmetric effective action of N = 8, D = 4 super- 
gravity, if appear, should have a different nature (e.g. stringy corrections), since there is no 
conventional field theories with more than 32 supersymmetries whose spontaneous breaking 
would result in a non-linear generalization of N = 8, D = 4 supergravity. Restrictions on 
possible sources of the non-linear deformation of the twisted self-duality condition of N = 8, 
D = 4 supergravity imposed by supersymmetry and Eytf\ are discussed in [70j E|. 

There are two complementary approaches to deal with supersymmetric extensions of the 
duality-symmetric actions. The first is the standard approach, in which the action depends 
only on the "electric" fields. In this approach supersymmetry is manifest both at the linear 
level and in the form of possible candidate counterterms, but the duality symmetry of the 
deformed action is not manifest and should be verified. Given a supersymmetric counterterm 
constructed of the "electric" and "magnetic" fields in a duality-invariant way, ref. [28J has 
described an iterative procedure further developed in [29] to construct a non-linear action for 
the "electric" fields only, that satisfies the non-linear Gaillard-Zumino condition and, hence, 
retains the duality invariance. Since for the consistency with duality symmetry the non-linear 
deformation brings about an (infinite) series of new higher order terms, the supersymmetry 
of the whole construction should be rechecked. 

Other approaches deal with covariant or non-covariant formulations in which duality 
symmetry is manifest. It is clear that in these formulations supersymmetry is not manifest 
since the number of vector fields is doubled and only one half of them should appear in the 
supersymmetry transformations of the fermions. Since the non-covariant formulation comes 
from a gauge fixing of the covariant one, let us discusse the supersymmetry issue in the 
framework of the covariant formulation. In models with linear duality there is a simple recipe 
|52| [56] how to modify the supersymmetric transformations of the fermions so that the PST 
action is invariant under this modified supersymmetry. In the supersymmetry variations of 
the fermions, the recipe prescribes to replace the field strengths F % with the following 2-form 

K* = [F* - vi v (F i - *F l )]V i q (cf ) ) = (1 + *)vi v * F l V?{<j>), (56) 

where V^{<f)) is the G/H "bridge" scalar field matrix determined in ([3]). Notice that Kq is 
self-dual, Kq = (*Ko) q , and that on the shell of the linear duality constraint F % = *F l the 
2-form Kq coincides with F l V?((ft). The property of Kq to be self-dual ensures that the 
supersymmetry transformations involve the right number of independent gauge fields. 

For instance, in the simplest case of a [/(l)-duality symmetric N = 1 theory with no 
scalars (V? = 8f) and one vector supermultiplet, duality-covariant N = 1 supersymmetry 
variations look as follows 

bAl = i^e\ ^ = ^« V ^. ? = 1> 2 (57) 
where ip(x) is the Majorana spinor and 

= i £ i s l5 e s (e 12 = -e 21 = 1) (58) 

8 The authors are thankful to Renata Kallosh for sharing with them a draft of this paper. 
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is the "self-dual" parameter of the rigid N = 1, D = 4 supersymmetry. It is easy to see that 
when the duality relation = — \£^ vp \F lpX holds, the supersymmetry transformations (|57p 
reduce to the conventional ones relating A 1 and i/j with the Majorana spinor parameter e 1 



1 



S 1 p = -(F l ^ 7 ^e l + F 2 ^ 



7^ e 



Let us also note that since the auxiliary field a(x) does not have a superpartner, it should be 
invariant under the action of supersymmetry 5a(x) = 0. This, however, does not contradict 
the supersymmetry algebra, if one assumes that the translation of a{x) produced by the 
commutator of two supersymmetry transformations acting on a{x) is compensated by the 
local symmetry (fT9]) [TTHT2] I73] I75] 

(<5i<5 2 - 5 2 5 1 )a(x) = ^d^a{x) - ip(x) = . 

Now the problem is how to extend the above prescription to non-linear case. An obvious 
ansatz would be to replace Kq in ([56]) with 



K q = F q 



VI. 



[l-*)F q - 



6W[F] 
5F 



(1 + *)vi v 



1 



2 V n 5F ' 



+aA(i-.)( §F 



SW[F]y 



(59) 



Again, on the duality shell ([28]), F q = K q but now K q is not self-dual. However, the anti- 
self-dual part of K q does not enter the supersymmetry transformation (|57j) of the fermions, 
since its gamma-contraction with the self-dual supersymmetry parameter f)58[) vanishes. 

One may expect that this ansatz is incomplete and, in general, should also include terms 
of higher orders in fermionic fields. This is implicitly indicated by the analysis of rigid (2,0) 
supersymmetry transformations of the worldvolume fields of the kappa-symmetry gauge-fixed 
M5-brane carried out in [B7]. We hope to address the problem of supersymmetry in theories 
with non-linear duality in a future work. 
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